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marseille.fr (B. Cochelin), laurent.blanchard@thalesaleThis paper is focused on the modeling of rod-like elastic bodies that have an initially curved and thin-
walled cross-section and that undergo important localized changes of the cross-section shape. The typical
example is the folding of a carpenter’s tape measure for which the folds are caused by the ﬂattening of the
cross-section in some localized areas. In this context, we propose a planar rod model that accounts for
large displacements and large rotations in dynamics. Starting from a classical shell model, the main addi-
tional assumption consists in introducing an elastica kinematics to describe the large changes of the
cross-section shape with very few parameters. The expressions of the strain and kinetic energies are
derived by performing an analytical integration over the section. The Hamilton principle is directly intro-
duced in a suitable ﬁnite element software to solve the problem. The folding, coiling and deployment of a
tape spring is studied to demonstrate the ability of the model to account for several phenomena: creation
of a single fold and associated snap-through behavior, splitting of a fold into two, motion of a fold along
the tape during a dynamic deployment, scenarios of coiling and uncoiling of a bistable tape spring. This
1D model may also be relevant for future applications in biomechanics, biophysics and nanomechanics.
 2011 Elsevier Ltd. All rights reserved.1. Introduction
Slender elastic structures have been widely studied in the non-
linear framework because they can suffer from geometrical insta-
bilities that can lead to a sudden loss of stiffness and extreme
deformation shapes (Budiansky, 1974; Koiter, 1945; Nguyen,
2000; Timoshenko and Gere, 1961). The main motivation of these
studies is based on the analysis of load-carrying capacity, but the
high potential of ﬂexibility may also be an asset to develop inge-
nious solutions for the deployment of mechanical systems, espe-
cially in the aerospace ﬁeld (Santer and Pellegrino, 2008; Seffen
and Pellegrino, 1999). In the same way, the advent of modern
applications in biophysics and biomechanics, in which the change
of shapes is the natural way to adapt to external loads, leads to fur-
ther motivations to develop robust models of nonlinear elastic
structures (Audoly and Pomeau, 2010; Senan et al., 2008). These
models may also be relevant for the modeling of some micro-
and nanomechanical devices, as for instance in the work of Staro-
stin and van der Heijden (2009).ll rights reserved.
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niaspace.com (L. Blanchard).This work is focused on the modeling of particular slender rod-
like elastic bodies that undergo important changes of their cross-
section shape during their life. The typical example is the carpen-
ter’s tape measure, which is a long and straight thin-walled beam
with a circular cross-section. When submitted to bending or com-
pressive loads (see Fig. 1), the tape behaves as a classical beam at
the beginning but rapidly exhibits the formation of a localized fold
(Seffen, 2001; Seffen and Pellegrino, 1999) with stridden noises
emission indicating snap-through buckling. The folding is associ-
ated with localized ﬂattening of the cross-section that drastically
reduces the moment of inertia and concentrates the bending defor-
mation. Playing with a carpenter’s tape measure, one can easily
experiences the formation and motion of folds, the splitting of a
single fold into two or the merging of two traveling folds into a sin-
gle one. In this kind of tape springs, the change of the cross-section
shape is also the main mechanism that permits to pass from the
straight deployed conﬁguration to the compact coiled conﬁgura-
tion with a ﬂat cross-section. Many experimental studies (Seffen,
2001; Seffen and Pellegrino, 1999; Walker and Aglietti, 2006) are
devoted to the characterization of these phenomena.
The modeling of tape springs has already been addressed in lit-
erature and can be classiﬁed into two main approaches: ‘‘nonlinear
shell (2D)’’ and ‘‘discrete articulated bars (1D)’’. The shell approach
consists in a full computation of the shell model in the framework
of large displacements and large rotations. This can be achieved for
Fig. 1. Folding of a measuring tape.
Fig. 2. Kinematic description.
74 F. Guinot et al. / International Journal of Solids and Structures 49 (2012) 73–86instance by using a commercial ﬁnite element software package
(Hoffait et al., 2009; Seffen et al., 2000; Soykasap, 2007; Walker
and Aglietti, 2007). Accurate static and dynamic solutions can be
obtained for any loading conﬁguration and any boundary condi-
tions, but at the price of heavy simulations, which require impor-
tant computer resources. This approach can be qualiﬁed as a
brute approach since the speciﬁcities of the tape spring behavior
(overall rod-like shape, creation of localized folds) are not consid-
ered. On the contrary, the second approach developed in Seffen and
Pellegrino (1999) relies on the observation that outside the folded
part, the tape recovers its undeformed straight shape. Using rigid
bars with variable length and nonlinear spiral spring accounting
for the bending stiffness of the fold, the authors get simpliﬁed
accurate models with very few degrees of freedom, which are suit-
able for the modeling of the deployment and uncoiling of tape
springs. Nevertheless, the number and location of folds have to
be decided at ﬁrst, since the model is not able to account for their
creations.
The main goal of this work is to propose a one dimensional con-
tinuous rod-like model with highly deformable cross-section,
which is intermediate between the shell analysis and the discrete
approach. Beam models with deformable cross-sections have al-
ready been published in literature. The main idea is always to
incorporate kinematic parameters to describe in-plane and out-
of-plane (warping) relative displacements. The ﬁrst thin-walled
beam theory including cross-section deformation was introduced
by Vlassov (1962). This approach is based on the introduction of
several cross-sectional deformation modes. In the framework of
geometrically nonlinear beam theory, similar ideas have been used
by many authors to enrich the ‘‘Reissner-Simo beam theory’’
(Reissner, 1972; Simo, 1985) which assumes that the cross-sec-
tions remain plane and undeformed (see e.g. Simo and Vu-Quoc
(1991) and Pimenta and Campello (2003) for solid sections and
more recently Gonçalves et al. (2010) for thin-walled cross-sec-
tions). The issue of ﬁnding an appropriate set of deformation
modes is generally based on the geometrical speciﬁcities of the ini-
tial cross-section shape and mechanical assumptions. In Zivkovic
et al. (2001), a numerically based approach is chosen: cross-sec-
tional elements are used to discretize the relative displacements
and the resulting 1D superelement involves additional degrees of
freedom at each node on the beam axis. This general superelement
formulation is able to treat arbitrary thick- and thin-walled cross-
sections.
The present work follows these approaches but takes into ac-
count the possibility of large relative displacements in the cross-
section with a more suitable kinematics for tape spring behavior.
Starting from a shell model, we use a planar beam-like kinematics
with large displacements and large rotations for the cross-section
plane. The key point is the use of an elastica kinematics (inexten-sibility) to describe the cross-section shape, which permits to ac-
count for important changes with very few parameters.
Moreover, since the shell length is large as compared to the
cross-section dimension, additional beam-like assumptions are
made on the stress distribution. Finally, we pass from the shell
model to the reduced one by performing integration over the
cross-section to obtain the expressions of the kinetic and strain
energies of the extended rod model. All these steps are detailed
in the ﬁrst section. The second section is devoted to the example
of a tape spring with an initially circular cross-section. Assuming
that the cross-section remains circular but with a radius varying
along the rod, only one kinematic parameter can be introduced
to describe the cross-section shape. The extended rod model in-
volves only four kinematic parameters and the expressions of the
energies can be analytically derived. For the numerical implemen-
tation, these expressions are directly introduced in the FE software
COMSOL that allows using the formal expression of the Hamilton
principle to solve the problem. The last section demonstrates the
ability of the model to account for several sequences of folding,
coiling and deployment. With this formulation, it is shown that
folds can here appear anywhere along the rod axis and in a pro-
gressive manner thanks to the cross-section change. The folds
can also move along the rod axis, merge or split if necessary.2. The rod model
2.1. Kinematic description and basic assumptions
We consider a slender shell, shown in Fig. 2, that is mapped in
the initial conﬁguration by an orthogonal extrusion of a planar
cross-section curve along a straight rod line. The initial position
vector OM0 of a material pointM of the non-deformed shell is split
into two parts:
OM0 ¼ OG0 þ G0M0; ð1Þ
where G0 is the point of intersection of the rod line and the cross-
section plane containing M0. The ﬁxed orthonormal frame (O, e1,
e2, e3) is chosen such that (O, e1) contains the rod line. The shell
surface is parameterized by the curvilinear coordinates (s1, s2)
where s1 is the initial abscissa of the cross-section and s2 is the cur-
vilinear initial coordinate along the cross-section curve: (s1,
s2) 2 [0,L]  [a/2, a/2] where L is the initial length of the rod and
a is the initial length of the cross-section curve. We introduce the
initial local coordinates y0(s2) and z0(s2) of M0 in the section plane
(G0, e2, e3), such that:
F. Guinot et al. / International Journal of Solids and Structures 49 (2012) 73–86 75OG0 ¼ s1e1;
G0M0 ¼ y0ðs2Þe2 þ z0ðs2Þe3:
ð2Þ
For the sake of simplicity, the motion of the rod is restricted to
be symmetric with respect to the plane (O, e1, e3): the motion of
the rod line is restrained to the plane (O, e1, e3) and the cross-sec-
tion curve, initially symmetric with respect to this plane, is as-
sumed to remain symmetric in any deformed conﬁguration.
Basically, the kinematic assumptions underlying the proposed
rod model reside in three points:
(i) The cross-section curve remains in a plane after
deformation.
(ii) The cross-section plane is orthogonal to the tangent vector
of the rod line in the deformed conﬁguration.
(iii) The cross-section curve is considered inextensible.
In order to decompose the motion into a motion relative to the
rod line and a motion relative to the cross-section curve, the posi-
tion vector OM at time t is split into two parts:
OM ¼ OG þ GM; ð3Þ
where OG is the current position vector of the point attached to the
rod line. Introducing the displacements u1(s1, t) and u3(s1, t) of this
point, we have:
OG ¼ ðs1 þ u1Þe1 þ u3e3: ð4Þ
According to assumption (i), to follow the cross-section plane,
we consider the rotated frame G; er1; e
r
2; e
r
3
 
where er1 is a unit vec-
tor orthogonal to the cross-section plane in the deformed conﬁgu-
ration, er2 is set to e2 and e
r
3 ¼ er1  er2. The local coordinates in the
frame G; er2; e
r
3
 
are denoted by y(s1, s2, t) and z(s1, s2,t), such that:
GM ¼ yer2 þ zer3: ð5Þ
Denoting by h(s1,t) the rotation about the axis e2 of the cross-
section plane, the local frame vectors can be expressed in the initial
ﬁxed frame as follows:
er1 ¼ cosðhÞe1  sinðhÞe3;
er3 ¼ sinðhÞe1 þ cosðhÞe3:
ð6Þ
The assumption (ii) implies that the vector er1 is tangent to the
rod line in the deformed conﬁguration. If ar1 denotes the tangent
vector to the rod and jr its norm, we have:
ar1 ¼ OG;1 ¼ jrer1; ð7Þ
where the notation X,i stands for the partial derivative of the quan-
tity Xwith respect to the coordinate si. According to Eqs. (4), (6) and
(7), the rotation h is then linked to the displacements u1 and u3 by
the relations:
cosðhÞ ¼ 1
jr
ð1þ u1;1Þ; sinðhÞ ¼  1
jr
ðu3;1Þ; ð8Þ
with
jr ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð1þ u1;1Þ2 þ ðu3;1Þ2
q
: ð9Þ
The third assumption (iii) leads to introduce an elastica kine-
matics to describe the shape of the cross-section curve. Indeed,
the inextensibility condition in the transverse direction leads to
the relation:
GM;2  GM;2 ¼ ðy;2Þ2 þ ðz;2Þ2 ¼ ðy0;2Þ2 þ ðz0;2Þ2 ¼ 1: ð10Þ
The coordinates y(s1, s2, t) and z(s1, s2, t) of a point in the de-
formed section can then be described thanks to an angle b(s1, s2,
t) such that:y;2 ¼ cosðbÞ;
z;2 ¼ sinðbÞ:

ð11Þ
Behind the introduction of an elastica model, we assume that
the most important effect that governs the change of the cross-sec-
tion shape is due to the adaptation of the overall bending inertia of
the rod to minimize the elastic energy. The crucial point resides in
a correct approximation of the overall shape of the section and not
in a precise description of the strains in the transverse direction.
The angle b(s1, s2, t) plays a crucial role since it is the only kine-
matic parameter that governs the shape of the cross-section all
along the rod. In the view of reducing the 2D shell model to a 1D
rod model, one can think of a set of shape functions Ni(s2) for
i = 1,. . . ,n, which gives the evolution of the angle b in the trans-
verse direction:
b ¼
Xn
i¼1
Niðs2Þqiðs1; tÞ; ð12Þ
where the parameters qi(s1, t) are generalized coordinates attached
to the rod line. In other words, we use a Ritz method to account for
the variation of the cross-section shape. In the cross-section plane,
the local coordinates y and z of a point of the cross-section curve
can be assessed by the integration procedure:
yðs1; s2; tÞ ¼
Z s2
0
cosbðs1; n; tÞdn;
zðs1; s2; tÞ ¼
Z s2
0
sinbðs1; n; tÞdn:
ð13Þ
The integrals in (13) are not analytically tractable in general
for an arbitrary set of shape functions Ni(s2). In this case, it re-
quires numerical procedures and it leads to approximations and
heavy computations, especially if we consider the computations
of strains in what follows. However, one can remark that if b is
linear or piecewise linear with respect to s2, analytical integration
in (13) is possible. This choice can be viewed as a ﬁnite element
method to describe the cross-section curve. This case can be
interpreted as a piecewise linear interpolation of the angle b
and we can consider angles bi at given transverse coordinates
si2 as degrees of freedom (see Fig. 3). The cross-section curve is
then interpolated by a succession of arcs. For the sake of simplic-
ity, only the case of a single linear interpolation will be consid-
ered in Section 3. The case ‘‘piecewise linear’’ will be examined
in a forthcoming paper.
Finally, the kinematics is governed by the displacements
u1(s1, t) and u3(s1, t) of the rod line, the rotation of the cross-
section plane h(s1, t) and the angle b(s1, s2, t), which describes
the cross-section shape. In the following, we denote by b0(s1,
s2) = b(s1, s2, t = 0) the initial value of this angle in the unde-
formed conﬁguration.
2.2. Strains measures
We ﬁrst introduce the convected frame deﬁned by the tangent
vectors aa (a = 1, 2) and the normal a3 to the shell surface. For con-
venience, the tangent vectors are split into two parts, one attached
to the rod line (superscript r) and one attached to the section
(superscript s). We have:
aa ¼ OM;a ¼ OG;a þ GM;a ¼ ara þ asa;
a3 ¼ 1j a1  a2;
ð14Þ
where j is the surface jacobian:
j ¼ ka1  a2k: ð15Þ
The kinematic description leads to:
Fig. 3. A piecewise linear interpolation of b with respect to s2 (left) and corresponding cross-section curve (right).
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ar2 ¼ 0;
as1 ¼ zh;1er1 þ y;1er2 þ z;1er3;
as2 ¼ cosðbÞer2 þ sinðbÞer3:
ð16Þ
The membrane strains are described by the Green–Lagrange
tensor
eab ¼ 12 ðaa  ab  a0a  a0bÞ ð17Þ
and the bending strains are deﬁned by the difference between the
initial and actual curvature tensors of the shell (Simo and Fox, 1989)
kab ¼ bab  b0ab ð18Þ
with
bab ¼ a3  aa;b ¼ 1j ða1  a2Þ  aa;b: ð19Þ
The normal vector to the shell in the deformed conﬁguration
veriﬁes:
ja3 ¼ a1  a2 ¼ ðy;1 sinðbÞ  z;1 cosðbÞÞer1
þ ðjr þ zh;1Þ  sinðbÞer2 þ cosðbÞer3
 
¼ ðy;1 sinðbÞ  z;1 cosðbÞÞer1 þ ðjr þ zh;1Þns; ð20Þ
in which ns is the normal to the cross-section curve in the cross-sec-
tion plane. The expression (19) requires the derivatives of the tan-
gent vectors:
a1;1 ¼ ar1;1 þ as1;1 ¼ jr;1 þ ðzh;1Þ;1 þ z;1h;1
 
er1 þ y;11er2 þ ðz;11  ðjr þ zh;1Þh;1Þer3;
a1;2 ¼ as1;2 ¼ sinðbÞh;1er1 þ b;1  sinðbÞer2 þ cosðbÞer3
  ¼ sinðbÞh;1er1 þ b;1ns;
a2;2 ¼ as2;2 ¼ b;2  sinðbÞer2 þ cosðbÞer3
  ¼ b;2ns:
ð21Þ
Due to further assumptions that will be introduced later on,
only the axial strain e11 is required in the proposed model. From
Eqs. (14)–(17), we get
e11 ¼ 12 ððj
rÞ2  1Þ þ jrzh;1 þ 12 ðzh;1Þ
2 þ 1
2
ððy;1Þ2 þ ðz;1Þ2Þ: ð22Þ
For the bending strains, Eqs. (18)–(21) lead to:
k11 ¼ 1j ðy;1 sinðbÞ  z;1 cosðbÞÞ j
r
;1 þ ðzh;1Þ;1 þ z;1h;1
  
þ 1
j
ðjr þ zh;1Þðz;11 cosðbÞ  y;11 sinðbÞ  ðjr þ zh;1Þh;1 cosðbÞÞ;
k22 ¼ 1j ðj
r þ zh;1Þb;2  b0;2;
k12 ¼ 1j ðsinðbÞðy;1 sinðbÞ  z;1 cosðbÞÞh;1 þ ðj
r þ zh;1Þb;1Þ:
ð23ÞThe ﬁnal expressions (22) and (23) for the membrane and bend-
ing strains account for large displacements, large rotations and
large strains. When the shell thickness is very small compared to
the length of the cross-section curve, local and global buckling will
prevent large strains to occur. It is then interesting to consider sim-
pliﬁed expressions limited to small membrane strains. We charac-
terize here the local buckling by localized variations of the cross-
section shape. By contrast, the global buckling corresponds to
beam-like buckling without signiﬁcant variations of cross-section
shape.
2.3. Small membrane strains
In this context, the variations of length and area in the plane
of the shell are small and the following assumptions can be
written:
jr ¼ 1þ er with jer j  1;
jzh;1j  1;
j ¼ 1þ es with jesj  1:
ð24Þ
The ﬁrst term in (24) means a small variation of the rod line
length. The second one means that at each point of the cross-sec-
tion curve, the membrane strain due to the overall bending curva-
ture h,1 and the offset distance z from the rod line is also small. The
last one refers to a small variation of the shell area.
According to (9) and the ﬁrst two assumptions in (24), the axial
strain (22) can be simpliﬁed:
e11 ¼ u1;1 þ zh;1 þ 12 ððu1;1Þ
2 þ ðu3;1Þ2Þ þ 12 ððy;1Þ
2 þ ðz;1Þ2Þ: ð25Þ
Considering the norm of expression (20), with the ﬁrst two
assumptions in (24), we obtain:
jy;1 sinðbÞ  z;1 cosðbÞj  1: ð26Þ
We assume further that the term jr;1 þ ðzh;1Þ;1 þ z;1h;1 is sufﬁ-
ciently small to neglect the product ðy;1 sinðbÞ  z;1 cosðbÞÞ
jr;1 þ ðzh;1Þ;1 þ z;1h;1
 
in the ﬁrst term of (23). This last assumption
means that the variations of the strains er and zh,1 are limited. Fi-
nally, the bending strains can then be simpliﬁed:
k11 ¼ h;1 cosðbÞ þ ðz;11 cosðbÞ  y;11 sinðbÞÞ;
k22 ¼ b;2  b0;2;
k12 ¼ b;1:
ð27Þ
The meaning of the terms in the strains expressions (25) and
(27) can be clariﬁed by introducing the strains relative to the over-
all rod kinematics (denoted by the superscript r) and the strains
relative to the local shell kinematics describing the cross-section
shape (superscript s):
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2 þ ðu3;1Þ2Þ;
kr ¼ h;1;
es ¼ 1
2
ððy;1Þ2 þ ðz;1Þ2Þ;
ks11 ¼ z;11 cosðbÞ  y;11 sinðbÞ;
ks22 ¼ b;2  b0;2;
ks12 ¼ b;1:
ð28Þ
The expressions (25) and (27) can then be rewritten:
e11 ¼ er þ zkr þ es;
k11 ¼ kr cosðbÞ þ ks11;
k22 ¼ ks22;
k12 ¼ ks12:
ð29Þ
We refer to (28) and (29) as the shell strains in case of ‘‘small
membrane strains’’ assumptions. The strains er and kr only depend
on u1, u3 and h and their expressions in (28) coincide with the
widely used expressions of the tensile strain and the bending cur-
vature of a rod in the case of large rotations. The strains es and ksab,
which only depend on the angle b, are less conventional and come
from the variation of the cross-section shape along the rod. The
local axial stretching e11 can be split into two parts: the ﬁrst one
er + z kr comes from the overall rod kinematics (overall axial
stretching and bending) and the second one es, which accounts
for the local axial stretching due to a ﬁnite variation of the cross-
section shape. It should be noticed that the coordinate z varies with
the cross-section shape through the angle b (see (13)). In the same
way, the bending strain k11 results from an overall bending due to
the rod kinematics and a local bending due the variation of the
cross-section shape. Contrary to the case of axial bending k11, the
overall rod behavior has no contribution to the transverse bending
and twisting strains k22 and k12.
2.4. Strain energy
The strain energy of the elastic shell is set to:
Ueðu1;u3; h;bÞ ¼
Z L
0
Z a=2
a=2
1
2
ðeabNab þ kabMabÞds2 ds1 ð30Þ
in which Nab and Mab denote respectively the membrane stresses
and bending moments. We recall that the shell width (the length
a of the cross-section curve) is small compared to the axial length
L: the shell is slender and can be assimilated to a beam. According
to the classical beam theory assumptions in which r22 = r12 = 0, we
assume here in the model that
N22 ¼ N12 ¼ 0 ð31Þ
and then
Ueðu1;u3; h;bÞ ¼
Z L
0
Z a=2
a=2
1
2
ðe11N11 þ kabMabÞds2 ds1: ð32Þ
The assumption (31) is a key point of the proposed reduced
model. Indeed, when keeping the term e12N12 (and further
e22N22) in (30), severe locking phenomena occur in the discretized
model, which prevent to achieve satisfactory numerical solutions.
We have experienced these troubles and found a complete analogy
with the classical locking phenomenon when quasi-incompressible
behavior or shear deformable beam model are treated with the ﬁ-
nite element method (Bathe, 1996).
The shell is considered elastic and orthotropic, without any
membrane-bending coupling. In this context, the constitutive
equations of the shell are written:N11 ¼ Ae11;
M11 ¼ D11k11 þ D12k22;
M22 ¼ D12k11 þ D22k22;
M12 ¼ D33ð2k12Þ;
ð33Þ
with A, D11, D22, D12 and D33 the elastic constants of the shell. In
case of a shell with a constant thickness h made of an isotropic
material with Young’s modulus E and Poisson’s ratio m, we have:
A ¼ Eh; D11 ¼ D22 ¼ Eh
3
12ð1 m2Þ ; D12 ¼ mD11 and D33
¼ Eh
3
24ð1þ mÞ : ð34Þ
Introducing these constitutive Eq. (33) and the expressions (29)
of the membrane and bending strains into (32), we can split the
strain energy into three parts:
Ue ¼ Ure þ Use þ Urse ; ð35Þ
with
Ure ¼
R L
0
1
2 ðAaer
2 þ ðAz2 þ D11cos2ðbÞÞkr
2 þ 2AzerkrÞds1;
Use ¼
R L
0
1
2 Ae
s2 þ D11ks
2
11 þ D22ks
2
22 þ 2D12ks11ks22 þ 4D33ks
2
12
 	
ds1;
Urse ¼
R L
0 Ae
res þ Akrzes  kr D11cosðbÞks11 þ D12cosðbÞks22
  
ds1;
8>>><
>>>:
ð36Þ
where the overline denotes the integration with respect to s2:
Xðs1; tÞ ¼
Z a=2
a=2
Xðs1; s2; tÞds2: ð37Þ
We recognize in Ure the strain energy of a classical rod model.
The stretching energy is proportional to the axial tensile stiffness
A a, which is the axial Young’s Modulus multiplied by the area of
the cross-section S = ah. In the second term, A z2 þ D11cos2ðbÞ is
the bending stiffness, with a classical contribution of the quadratic
moment of inertia z2. The term D11cos2ðbÞ comes from the local
bending in the cross-section, considered as a shell. At last, in
Ure; Az is the coupling stiffness between axial stretching and bend-
ing. Note that in a classical model with a cross-section that keeps
its shape, the rod line could be chosen to pass through the centroid
of the cross-section and this coupling term vanishes ðz ¼ 0Þ. Here,
the linear and quadratic moments z and z2 vary with the cross-sec-
tion shape. For a ﬂat cross-section (b(s2) = z(s2) = 0), the quadratic
moment vanishes and the bending stiffness of the rod equals
aD11, corresponding to the one of a ﬂat shell with width a.
The second term Use only depends on the angle parameter b. It
represents the strain energy only due to the variation of the
cross-section shape, independently of the overall rod behavior. In
the model, a change of the cross-section without overall bending
and stretching (er = kr = 0) is taken into account through a qua-
dratic strain energy depending on the local stretching es and the lo-
cal bending curvatures ksab.
The third term Urse introduces a coupling between the overall
rod behavior and the variation of the cross-section shape. This cou-
pling is due to the presence of several terms in the expressions of
the axial stretching e11 and bending curvature k11 in (29), some of
them coming from the overall rod kinematics and the others com-
ing from the kinematics of the cross-section. In the initial expres-
sion of the shell strain energy, this coupling appears through the
presence of (e11)2 and (k11)2 and of the product k11k22. Contrary
to the strain energies Ure and U
s
e, the term U
rs
e can be negative.
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The starting point is the kinetic energy of the initial shell model
in which the rotation inertia is neglected:
Tðu1;u3; h; bÞ ¼
Z L
0
Z a=2
a=2
1
2
qs
dOM
dt
 	2
jds2 ds1: ð38Þ
Here, qs is the surface density and j the surface jacobian. The
assumption of small membrane strains allows neglecting the vari-
ations of surface area (j  1) and of the surface density (qs con-
stant). According to the kinematics deﬁned by (4)–(6), we can
split the kinetic energy into three parts:
T ¼ Tr þ Ts þ Trs; ð39Þ
with
Tr ¼ R L0 12qs a _u21 þ _u23 þ z2 _h2 ds1;
Ts ¼ R L0 12qsð _y2 þ _z2Þds1;
Trs ¼ R L0 qs _u1 _ðz sinðhÞÞzﬄﬄﬄﬄﬄ}|ﬄﬄﬄﬄﬄﬄ{ þ _u3 _ðz cosðhÞÞzﬄﬄﬄﬄﬄﬄ}|ﬄﬄﬄﬄﬄﬄ{
 !
ds1;
8>>><
>>>:
ð40Þ
where the over dot stands for the time derivative and the overbraces
precise the expression to which the time derivative is applied if nec-
essary. The kinetic energy Tr is the one of a rodmodelwith the inertia
terms due to the translations and the rotation of the cross-section.
Thekinetic energy Ts accounts for a changeof the cross-section shape.
Finally, we ﬁnd in Trs the coupling inertia terms between the overall
rod kinematics and the change of the cross-section shape.
3. Application to a tape spring with a circular cross-section
curve
3.1. Kinematic description and energies
We consider a tape spring with a uniform cross-section curve,
which is an arc of circle, as described in Fig. 4. The deformed
cross-section curve is assumed to remain an arc of circle, but with
a radius that varies with respect to the initial abscissa s1 of the sec-
tion and time t. Accordingly, the angle b(s1, s2, t) introduced in Eqs.
(11)–(13) is linear with respect to the transverse curvilinear coor-
dinate s2. More precisely, only one generalized parameter is intro-
duced in (12): q1(s1, t) = be(s1, t) = b(s1, a/2, t), the angle at s2 = a/2.
Consequently, the shape function is set to N1ðs2Þ ¼ 2s2a and we have:Fig. 4. Kinematic description of the tape spring.bðs1; s2; tÞ ¼ 2beðs1; tÞ s2a : ð41Þ
The local coordinates of a point in the cross-section are easily
derived with (13):
y ¼ a2be sin 2be s2a
 
;
z ¼ a2be 1 cos 2be s2a
  
:
(
ð42Þ
In the same way, the strains es and ksab are expressed in terms of
the angle parameter be:
es ¼ 1
2be
4 a2 sin
2 s2b
e
a
 
þ s2be s2be  a sin 2s2b
e
a
   
be
2
;1 ;
ks11 ¼ 1abe3 2 s
2
2b
e2  a2 sin2 s2bea
  
be
2
;1 þ a2 sin2 s2b
e
a
 
bebe;11
 
;
ks22 ¼ 2a be  be0
 
;
ks12 ¼ 2a be;1s2:
8>>>><
>>>>:
ð43Þ
In the last Eq. (43), it should be noticed that es; ks11 and k
s
12 van-
ish when the cross-section shape is uniform in the deformed con-
ﬁguration. These strains are non-zero only if there is a variation of
the cross-section shape along the rod line. With the given expres-
sions (41) and (42), the integrals over the section, introduced in the
energies (36) and (40) can be easily derived: they are given in
Appendix A.
3.2. Work of external forces and kinematic boundary conditions
The boundary conditions that can be imposed to the end sec-
tions of the tape spring are directly derived from those of the initial
shell model and the kinematic variables introduced in the present
model:
 the translations u1 and u3 of the reference point of the end
section,
 the rotation h of the cross-section,
 the angle be that characterizes the shape of the cross-section,
 the ﬁrst derivative be;1 of this angle that prescribes the local
rotation at each point of the cross-section (clamped end section
for example).
The work of external distributed forces is introduced in an over-
all way. For the sake of simplicity, we only consider in the follow-
ing a generalized force density with components denoted by f1 and
f3:
Wext ¼
Z L
0
ðf1u1 þ f3u3Þds1: ð44Þ
The expression (44) only takes into account the distributed
loads and it should be completed by the effects of the loads applied
on the end sections and in duality with u1, u3, h, be and b
e
;1 if
necessary.
3.3. Numerical implementation
The Hamilton principle is used to obtain the weak formulation
of the problem. It requires the calculus of variation of the following
functional:
Hðu1;u3; h; beÞ ¼
Z t2
t1
ðT  Ue þWextÞdt; ð45Þ
with the expressions of the kinetic energy T, the strain energy Ue
and the work of external forces Wext that have been developed in
the former sections and Appendix A. At this stage, we must remem-
ber that the kinematic variables u1, u3 and h are not independent
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the rod line in the deformed conﬁguration. The stationary points of
the functional (45) must be searched under the constraint (8). The
classical approach to solving this constrained problem is the meth-
od of Lagrange multipliers and the following augmented Hamilton
functional is introduced:
Hðu1;u3; h; be; kÞ ¼
Z t2
t1
ðT  Ue þWext þ kCÞdt; ð46Þ
in which k is the Lagrange multiplier associated with the constraint
C = 0 with:
C ¼ cosðhÞ u3;1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð1þ u1;1Þ2 þ ðu3;1Þ2
q þ sinðhÞ 1þ u1;1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð1þ u1;1Þ2 þ ðu3;1Þ2
q : ð47Þ
The constraint C = 0 expresses the collinearity of the vectors er1
and ar1 deﬁned in (6) and (7).
For the numerical simulations, the ﬁnite element software
COMSOL has been used because it offers the possibility to intro-
duce directly the expressions of Ue,Wext and C. We let the software
proceed to an automatic numerical differentiation. Only the kinetic
energy T has required an explicit calculus of variation. Indeed, for
the kinetic energy and contrary to the other terms Ue, Wext and
kC in (46), an integration by parts with respect to time is necessary
to obtain the weak formulation.
Finally, we have to mention that the expressions in (A.3) are ra-
tional expressions with powers of be in the denominator. Despite
these ratios are well deﬁned for be = 0 (they admit ﬁnite limits
when be tends to zero), the use of these expressions produces
numerical troubles for very small values of be and we have to
remember that the creation of a fold is characterized by a ﬂat sec-
tion with the angle be equal to zero. To face with this problem, the
exact expressions have been replaced by their Taylor series around
be = 0, considering the ﬁrst four non-zero terms.4. Numerical results
4.1. Introduction
In the following, ﬁve tests are presented to demonstrate the
ability of the model to account for complex scenarios of folding,
coiling and deployment. The ﬁrst one concerns the creation of a
localized fold under overall bending and snap-through phenom-
ena. The second one shows the possibility of a single fold to split
into two new folds. The third one is relative to the coiling and
uncoiling of a bistable tape spring in dynamics. The ﬁnal tests
illustrate the potentiality of the model in the dynamic
framework, showing some pendulum effects and deployment
sequences.
Without further information, the geometrical and material
properties are those reported in Tables 1 and 2. The elastic proper-
ties of the initial shell are given by (34) and we set qs = qh.Table 1
Geometrical properties of the tape spring.
Length, L Width, a Thickness, h Initial angle, be0
1170 mm 60 mm 0.15 mm 0.6 rad
Table 2
Material properties.
Young’s modulus, E Poisson’s ratio, m Density, q
210,000 MPa 0.3 7800 kg m3For all the following results, the mesh of the rod line is made of
60 Hermite quintic ﬁnite elements and 1210 degrees of freedom.
The default implicit time-dependent solver of COMSOL (BDF sol-
ver) has been used for all the simulations with a variable time-step
and a numerical damping that are handled automatically.
4.2. Creation of a localized fold and snap-through phenomena
We consider a tape spring with prescribed opposite rotations at
ends in static. More precisely, the boundary conditions are given
by:
 At the ﬁrst end section (s1 = 0): u1 ¼ u3 ¼ 0; h ¼ hL; be ¼ be0
and be;1 free.
 At the second end section (s1 = L): u1 free, u3 ¼ 0; h ¼
hL; b
e ¼ be0 and be;1 free.
Fig. 5 shows the relationship between the moment ML and the
rotation hL at the end section when the angle hL increases from zero
to 0.16 rad and is then brought back to zero. This plot illustrates
the model’s ability to account for the snap-trough phenomena that
occur for this kind of loading (Seffen and Pellegrino, 1999). The de-
formed shapes are shown for four signiﬁcant values of the pre-
scribed angle. These three-dimensional deformed shapes are
reconstructed with the kinematics exposed in Section 2.1 from
the results of u1(s1), u3(s1), h(s1) and be(s1) obtained with the 1D ex-
tended rod model. The color plots are those of the angle b to illus-
trate the curvature of the cross-section curve.
The initial state of the tape spring is shown in Fig. 5. At the
beginning, the moment ML increases with the angle hL and the
overall behavior seems to follow the classical bending behavior
of a beam (deformed shape ). For small angles hL, the response
is linear and close to the one of a classical beam theory (CBT) with
a non-deformable cross-section for which
ML ¼ 2 Eha
3
L
be0ð2be0 þ sinð2be0ÞÞ  4 sin2 be0
 
16 be0
 4 hL: ð48Þ
Nevertheless, the response is rapidly nonlinear and the trans-
verse curvature characterizing the cross-section curve, initially
uniform, is becoming non-uniform with a maximum ﬂattening
in the middle (see the color plot of b on the deformed shape
in Fig. 5). We then observe a snap-through behavior due to
the sudden creation of a localized fold in the middle of the tape
spring (color plot of the deformed shape in Fig. 5). There is a
sudden transition from one equilibrium branch to another one.
When the angle is brought back to zero, the path is not the same
and there is another transition between two branches. The fold
persists almost to the end of the test and the initial branch is
recovered when the angle is close to 0.01 rad, for which the fold
disappears.
The deformed shapes are consistent with the observations of the
phenomenon shown in Fig. 1. Fig. 6 illustrates more precisely the
creation of the fold. In a ﬁrst step, before the snap-through, the
cross-section shape varies smoothly all along the rod with a maxi-
mum ﬂattening in the middle. Just before the snap-through, for
the deformed shape , the angle be presents a signiﬁcant variation
with a maximum ﬂattening in the middle. The bending inertia is
then varying continuously all along the rod. As a consequence, the
angle h is no more linear with respect to the abscissa as in the clas-
sical beam theory for which the cross-section is assumed non-
deformable. The creation of the fold (deformed shapes and
and corresponding curves in Fig. 6) is characterized by a complete
ﬂattening of the middle cross-section (be = 0), which signiﬁcantly
decreases the bending stiffness in this area and localizes the longi-
tudinal bending strain kr = h,1. The creation of a fold is accompanied
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Fig. 5. ML(hL) relationship for an increasing then decreasing angle hL and snap-through phenomena. Comparison with the classical beam theory (CBT). Deformed shapes at
four signiﬁcant values of hL with color plots of the angle b. It shows the jump between two branches of equilibrium: one characterized by an overall bending and the other one
by a localized fold.
1
0.9
0.8
0.7
0.6
0.5
0.4
0.3
0.2
0.1
00 200 400 600 800 1000
−0.25
−0.2
−0.15
−0.1
−0.05
0
0.05
0.1
0.15
0.2
0.25
0 200 400 600 800 1000
2
4
1
3
2
1
3
4
Fig. 6. Comparison of the evolution of the angles be and h along the rod for the four deformed shapes shown in Fig. 5. During the overall bending response, there is a ﬂattening
of the cross-section (be(s1) for deformed shape ). When folding occurs ( and ), the bending strain characterized by the longitudinal curvature kr = h,1 becomes localized
and the cross-section becomes completely ﬂat in the fold region (be = 0). The tape spring returns to its undeformed shape outside the folded part (be ¼ be0 and h constant).
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(be ¼ be0 and h constant).
The moment-angle relations for tape-springs are well docu-
mented in literature. Fig. 7 recalls the well-known curve that
can be obtained with a ﬁnite-element analysis using a shell
model. This curve has been obtained following the strategy pro-
posed by Seffen and Pellegrino (1999), who have successfully
compared the numerical results and the experiments. The analy-
sis is performed with the FE package Abaqus and the Riks algo-
rithm is used to follow the equilibrium path. The mesh consists
of 1440 S8R shell elements (12 elements forming the cross-sec-
tion and 120 along the length of the spring). The dashed lines
with arrows illustrate the snap-through phenomena that occur
for an increasing then decreasing prescribed angle. Fig. 7 shows
that the proposed model (1) overestimates the maximum bend-
ing moment and the angle for which the snap-through occurs.
Nevertheless, the bending moments after the snap-through are
in agreement. It must be recalled that the cross-section shape
is here described with only one parameter, assuming that the
cross-section remains circular. The curve (2) clearly shows thatan enriched kinematic description of the cross-section shape im-
proves the results. This curve is obtained with an extended ver-
sion of the proposed model with a piecewise linear interpolation
of b with two parameters, as explained in Section 2.1. More pre-
cisely, the cross-section shape is described as shown in Fig. 3
with two parameters b1 and b2, the angles at s12 ¼ a=4 and
s22 ¼ a=2. It leads to consider a piecewise circular approximation
of the cross-section curve and an extended rod model with only
one more kinematic parameter. The enrichment of the kinematic
description of the cross-section shape will be deeply investigated
in a forthcoming paper.
Remark 1. When the prescribed angle is brought back to zero, the
partial snap from to in Fig. 5 is not experimentally observed
in literature and the equilibrium path obtained with Abaqus in
Fig. 7 does not explain this result. The analysis of the curves h(s1)
and be(s1) for the states and in Fig. 6 does not permit to clarify
what happens at the partial snap. Further investigations should be
done to explain this unusual branching, which leads to a ﬁnal
reverse snap for an unusual small angle in Fig. 5.
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Fig. 7. ML(hL) relationship for an increasing angle hL for the proposed model (1) and
an extended version (2) with a piecewise linear interpolation of b with two
parameters, as described at the end of Section 2.1. Comparison with the ﬁnite
element results obtained with a shell model (Abaqus).
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bending. Equal-sense bending can also be studied. In this case,
the localized axial compression arising at the ends of the cross-sec-
tion curves leads to another kind of instabilities. The model pre-
dicts local buckling modes with an oscillating cross-section shape
along the tape in localized areas. It will be illustrated in the next
section. This scenario seems to be realistic for tapes with a moder-
ate slenderness ratio for which the motion of the tape can remain
planar but in practice, twisting instabilities can be observed and
the proposed planar model does not incorporate this possibility.
It is planned to extend the model to the case of 3D motions.0
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Fig. 8. Creation of two folds by splitting a single one. 3D-plot of the strain energy dens
deformed shapes with color plots of the angle b. The strain energy density is constant in
splitting.4.3. Creation of two folds by splitting a single one
Fig. 8 illustrates the ability of the model to account for the split-
ting of a single fold into two. A ﬁrst fold is created by applying a
prescribed rotation hL = p at the left end while the other is
clamped (initial deformed shape ). At this stage, the displace-
ments u1 and u3 are ﬁxed at the ends and opposite increments of
rotation Dh are imposed, increasing from 0 to p/2 (deformed
shapes to ).
In Fig. 8, we have also reported the 3D-plot of the strain energy
density ue versus the initial abscissa s1 of the cross-section with re-
spect to the prescribed increment of rotation Dh. The strain energy
density ue is the sum of the integrands of the three integrals in (36).
The plots of the angles be and h along the tape spring are shown in
Fig. 9 for the four deformed shapes presented in Fig. 8.
The initial state presents three kinds of regions: two large
undeformed parts, a fold region and short transition areas. In the
fold region, the angle be vanishes and the curve h(s1) exhibits a
linear part (Fig. 9). It means that the cross-section is ﬂat and the
longitudinal curvature kr = h,1 is constant. The fold region is then
cylindrical. Furthermore, the radius of longitudinal curvature is
very close to the radius of initial transverse curvature R ¼ a= 2be0
 
in the undeformed conﬁguration (dashed line in Fig. 9). These
geometrical properties, which characterize the fold region are in
perfect agreement with the results exposed in Seffen and Pellegrino
(1999).
If we analyze the curves h(s1) and be(s1) obtained for the de-
formed shapes and after the splitting, we have two fold re-
gions, which are again cylindrical with ﬂat cross-sections and the
same radius of longitudinal curvature. Only the locations and the
lengths of the fold regions differ in these conﬁgurations. It seems
that the tape spring naturally tends to adapt its deformed shape
by forming folds with the same geometrical properties. The num-
ber of folds, their locations and their lengths depend on the bound-
ary conditions.800
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ity ue along the rod with respect to the prescribed increment of rotation Dh. Four
the folded parts and vanishes in the undeformed straight ones, except during the
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Fig. 9. Creation of two folds by splitting a single one. Evolution of the angles be and h along the rod for the four deformed shapes shown in Fig. 8. The folded parts are
characterized by a ﬂat cross-section (be = 0) and a constant axial curvature kr = h,1 = 1/R: the folded regions are then cylindrical with a radius of the longitudinal curvature
equal to the radius of the initial transverse curvature.
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of the strain energy density in Fig. 8. The strain energy is localized
in the fold regions, where we observe a plateau, which is at the
same level whatever the loading and the number of folds. This level
can be easily derived by assuming that the fold region is cylindrical
and free of stretching, with a ﬂat cross-section and a longitudinal
radius of curvature equal to the initial transverse radius of
curvature.
The deformed shape illustrates the transition step during the
splitting of the single fold into two. In this state, the curve h(s1) in
Fig. 9 has no longer a linear part in the middle and the cross-sec-
tion is not strictly ﬂat. In Fig. 8, during this step (from Dh = 0 to
0.26), the strain energy density decreases in the folded part and in-
creases in the straight regions (the strain energy is no more equal
to zero at the end sections s1 = 0 and s1 = L). The strains are no more
concentrated in the middle of the tape and overall bending effects
appear in the straight regions. Contrary to the test presented in the
previous Section 4.2, the splitting is here performed in equal-sense
bending and localized axial compression occurs at the ends of the
cross-section curves. It leads to a buckling mode in which the
cross-section shape oscillates to relieve the compression. These
oscillations are illustrated in Fig. 9 by the waves observed in the
curve of be(s1) near the end sections.Table 3
Elastic properties of the bistable tape spring.
A (N mm1) D11 (N mm) D22 (N mm) D12 (N mm) D33 (N mm)
8758 868 848 665 681
Table 4
Boundary conditions at each step for the bistable tape spring.
Step States in Fig. 10 h(L) (rad) be(0) (rad) be(L) (rad)
Flattening ? Free Free be0 ? 0
Coiling ? 0.47? 35 Free 0
Relaxation ? Free Free Free
Reclosing ? end Free 0? be0 Free4.4. Coiling and uncoiling of a bistable tape spring
This application illustrates the ability of the model to take into
account the speciﬁc properties of bistable tape springs. It shows
that complex scenarios of coiling and uncoiling can be treated in
the dynamics frameworks in order to pass from one stable state
to the other one. The bistability property is here obtained thanks
to certain properties of the bending stiffnesses of the shell. This
interesting property can be achieved when considering ﬁber-rein-
forced composites, made from suitable antisymmetric layup (Guest
and Pellegrino, 2006). The ﬁrst stable conﬁguration is the un-
stressed state described in Section 3: a straight tape spring with
a circular cross-section. The second one is a coiled state with a ﬂat-
tened cross-section. Many papers are devoted to the characteriza-
tion of the coiled conﬁguration (Galletly and Guest, 2004a,b; Guest
and Pellegrino, 2006; Kebadze et al., 2004). Most of them use the
classical shell theory with the assumption of uniform stretching
and bending curvatures. They introduce a kinematics involving
some parameters that allow passing from the unstressed straight
conﬁguration to the coiled one. Using the stationarity conditions
of the strain energy density to ﬁnd the equilibrium states, the geo-
metrical properties of the coiled conﬁguration are determined. Inthe following, it is shown that the proposed model is able to ﬁnd
naturally the stable coiled conﬁguration by imposing a realistic
scenario of loadings which consists in progressively coiling the
tape spring. The dynamic uncoiling is also treated.
The geometrical properties are those of Table 1 except for
be0 ¼ 1:2 rad. The elastic properties of the shell presented in Table 3
correspond to the case of the antisymmetric laminate [+45, 45, 0,
+45, 45] considered in Guest and Pellegrino (2006). Since these
authors have shown that the coupling between stretching and
bending deformations can be neglected, it is not taken into account
in the constitutive equations of the shell.
The scenario of coiling and uncoiling of the tape spring is de-
scribed in Table 4 that points out the speciﬁc boundary conditions
at each step. All along the test, the displacements and the cross-
section rotations at the left end are ﬁxed (u1(0) = u3(0) = h(0) = 0)
and the displacements u1(L) and u3(L) are free at the right end.
Fig. 10 illustrates each step with several deformed shapes and
the plot of the strain energy Ue(t). The right end cross-section is
ﬁrst ﬂattened (deformed shape ) before imposing a rotation an-
gle in order to facilitate the coiling of the tape spring. As shown in
the deformed shape , this coiling occurs progressively with a
coiled cylindrical part having a uniform radius of curvature (in
Fig. 11, h(s1) afﬁne and be(s1) = 0 in this part) and a straight unde-
formed part (h(s1) = 0 and b
eðs1Þ ¼ be0). When the coiling nears end,
a sudden ﬂattening of the end cross-section produces a snap-
through phenomenon (sudden decrease of the strain energy before
the end of the step corresponding to the deformed shape in
Fig. 10). In the relaxation step, the condition imposed on the rota-
tion is released and the tape spring naturally takes the shape of its
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Fig. 10. Coiling and uncoiling of a bistable tape spring. Strain energy vs time during the sequence and six deformed shapes with color plots of the angle b at some signiﬁcant
steps. Comparison with the result (G&P) of Guest and Pellegrino (2006) for the strain energy in the stable coiled conﬁguration .
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Fig. 11. Coiling and uncoiling of a bistable tape spring. Angles be and h along the rod for the deformed shapes shown in Fig. 10 and some other signiﬁcant steps. In the coiled
cylindrical parts of the tape spring: be(s1) = 0 and h(s1) afﬁne. In the uncoiled straight parts: b
eðs1Þ ¼ be0 and h(s1) = 0. Comparison with the result (G& P) of Guest and Pellegrino
(2006) who give the radius Rc of the longitudinal curvature in the stable coiled conﬁguration (dashed line corresponding to h(s1) = s1/Rc).
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(differences between the deformed shapes and ). During this
step, the tape spring is completely free of loading. The strain en-
ergy in the second stable conﬁguration is in accordance with the
results (G&P) of Guest and Pellegrino (2006), obtained with an
inextensible model of shell and the assumption of uniform curva-
tures. In Fig. 11, the plot of the curve h(s1) for the deformed shape
shows that the radius of coiling is uniform and equals the one
derived from the results of Guest and Pellegrino (2006). During
the last step, we impose that the left end cross-section returns to
its original shape be : 0! be0
 
. This reclosing leads to the dynamic
uncoiling of the tape spring. It should be noticed that the uncoiling
is initiated before the end of reclosing at the left end cross-section
and propagates rapidly: subﬁgures (e)–(i) of be(s1) in Fig. 11 show
that the tape spring recovers its initial cross-section shape
be ¼ be0
 
before the complete reclosing of the left end cross-sec-
tion. During the uncoiling, the total strain energy decreases signif-
icantly (see Fig. 10). In the same way, it could be shown that the
total kinetic energy increases rapidly and that the tape uncoils fas-
ter and faster. There is a shock at the complete uncoiling followedby few overall bending oscillations before the complete stop. The
kinetic energy is rapidly dissipated through numerical damping.4.5. Creation of a pendulum effect in bending induced by the ﬂattening
of an end cross-section
Here is a test that everyone can experience with a carpenter’s
tape measure. The tape is initially horizontal, submitted to gravity
(f3 = qsag in (44) with g = 9.81 m s2), free at the right end (s1 = L)
and the left end cross-section (s1 = 0) is progressively ﬂattened
be : be0 ! 0
 
. The dynamic response of the model is presented in
Fig. 12. As we can see in the plot of the curve u3(L) with respect
to time, the ﬂattening ﬁrst causes a small upraising of the tape (de-
formed shape ). It is due to local stretching occurring at the top of
the left end cross-section during this step. The complete ﬂattening
leads to a signiﬁcant loss of bending stiffness of the left end cross-
section and the gravity initiates a pendulum effect. As numerical
damping is introduced in the model, the ﬁnal response corre-
sponds to small oscillations around the static equilibrium state.
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Fig. 12. Pendulum effect of a tape spring under gravity induced by the ﬂattening of the left end cross-section. Deformed shapes at several states and deﬂection at the right
end versus time. The ﬂattening ﬁrst causes a small overall upraising and the pendulum effect initiates when the cross-section is completely ﬂat. The tape spring oscillates
around the static equilibrium state (straight line).
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The last example concerns some sequences of deployment. It
consists of the dynamic deployment of an initially folded tape
spring under gravity as shown in Fig. 13. The gravity is here ori-
ented top to bottom: a force f1 = qsag is introduced in (44). In
the sequence presented Fig. 13, the bottom cross-section is
clamped. When the other end cross-section is released, the tape
spring tends to recover its straight conﬁguration and we observe
that the fold is moving down. This phenomenon has been observed
in the deployment experiments presented in Seffen and Pellegrino
(1999). As numerical damping is introduced in the model, the fold
disappears where the tape spring goes through the straight conﬁg-
uration at the second time and small overall bending oscillations
occur. The tape spring recovers a straight state because the bend-
ing stiffness of the ﬂat section in the fold region is sufﬁcient to ﬁght
against gravity.Fig. 13. Dynamic deployment of a tape spring. Case of a small folded part and a
Fig. 14. Dynamic deployment of a tape spring. Case of a large folded part and a ﬁIn the sequence presented Fig. 14, a larger initial folded part is
considered. We still observe a moving of the fold but when the tape
goes through its straight conﬁguration, the behavior differs. A
snap-through phenomenon occurs between the deformed shapes
and . The initial fold suddenly disappears and there is a crea-
tion of a new fold near the bottom. As in the examples presented in
the previous sections, we observe local buckling modes when
equal-sense bending takes place: the color plot of b exhibits some
oscillations in this case which indicates that the cross-section
shape oscillates along the tape (see the deformed shapes in
Fig. 13 and in Figs. 14 and 15).
The conditions of the sequence presented Fig. 15 are the same
as the ones of the sequence presented in Fig. 14 except at the bot-
tom: the cross-section is free of ﬂattening. Only the end of the se-
quence is presented to show that the creation of the new fold
occurs at the bottom cross-section, which is becoming ﬂat. There
is no more sufﬁcient bending stiffness to recover the straight stateﬁxed bottom cross-section. Deformed shapes with color plots of the angle b.
xed bottom cross-section. Deformed shapes with color plots of the angle b.
Fig. 15. Dynamic deployment of a tape spring. Case of a large folded part and a bottom cross-section free of ﬂattening. Deformed shapes with color plots of the angle b.
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around a new equilibrium state.5. Conclusions
We propose a planar rod model that accounts for large changes of
the cross-section shape, suitable for initially curved and thin-walled
cross-sections, in the framework of large displacements anddynamics.
Starting fromanenergetic approachof a classicalnonlinearelastic shell
model, the key point consists in introducing an elastica kinematics to
account for the large changes of the cross-section shapewith appropri-
ate shape functions. The method leads to closed-form expressions for
the strain and kinetic energy densities of the 1D model. Finally, the
model is implemented in the ﬁnite element software COMSOL that
allows using directly the Hamilton principle.
This approach has been successfully applied to the carpenter’s
tape measure and several sequences of folding, coiling and deploy-
menthavebeenmodeled. The caseof coilinganduncoilingof abista-
ble tape spring has also been treated. The extended 1D rod model,
involving only four kinematic parameters, has demonstrated the
ability to account for several phenomena: the sudden creation of a
fold, the splitting of a fold into two and the traveling of a fold along
the rod. Themodel is intermediatebetween the full shellmodels and
the rigid-body models that have been proposed in literature for the
modeling of tape springs. Compared to the FE simulations based on
nonlinear shell models, the proposedmodel is less heavy and easier
to handle. Compared to the rigid bodymodels using articulated bars,
the method is more general since no assumption is made on the
number and localization of the folds. Many results have been vali-
dated qualitatively and quantitatively by comparisonwith other re-
sults from literature. The planned improvements concern the
enrichment of the kinematic description of the cross-section and
the extension of the model to 3D motions.
Finally, potential applications may be found outside the ﬁeld of
engineering science in the medium-to-long term. For instance, this
model may be adapted to be relevant for future applications in nat-
ure such as the folding and deployment of leaves, the plant growth
or the swimming of long and thin ﬁshes, considered as rods with a
varying cross-section shape.Acknowledgements
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Appendix A. Characteristic functions for a circular cross-section
The angle b is set to:
b ¼ 2be s2
a
: ðA:1Þ
From this expression, the integrals over the section, introduced
in the energies (36) and (40) can be easily derived:
z2 ¼ a3Iz2 ;
cos2ðbÞ ¼ aIc2 ;
z ¼ a2Iz;
es2 ¼ a5Id04 be;1
 4
;
ks
2
11 ¼ a3 Ik04 be;1
 4
þ Ik02k00 be;1
 2
be;11 þ Ik002 be;11
 2 	
;
ks
2
22 ¼ 4a be  be0
 2
;
ks11k
s
22 ¼ a Ik02 be;1
 2
þ Ik00be;11
 	
be  be0
 
;
ks
2
12 ¼ a3 ðbe;1Þ2;
es ¼ a3Id02 be;1
 2
;
zes ¼ a4Ize be;1
 2
;
cosðbÞks11 ¼ a2 Ick02 be;1
 2
þ Ick00be;11
 	
;
cosðbÞks22 ¼ Ic be  be0
 
;
_y2 þ _z2 ¼ 2a3Id02 ð _beÞ2;
_
z sinðhÞ
zﬄﬄﬄﬄ}|ﬄﬄﬄﬄ{
¼ _z sinðhÞ þ z cosðhÞ _h ¼ a2 Iz0 sinðhÞ _be þ Iz cosðhÞ _h
 
;
_
z cosðhÞ
zﬄﬄﬄﬄ}|ﬄﬄﬄﬄ{
¼ _z cosðhÞ  z sinðhÞ _h ¼ a2 Iz0 cosðhÞ _be  Iz sinðhÞ _h
 
;
8>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>:
ðA:2Þ
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characterize the shape of the section:
Iz2 ðbeÞ ¼ 6b
e8 sinðbeÞþsinð2beÞ
16ðbeÞ3 ;
Ic2 ðbeÞ ¼ b
eþsinðbeÞ cosðbeÞ
2be ;
IzðbeÞ ¼ b
esinðbeÞ
2ðbeÞ2 ;
Id04 ðbeÞ ¼ 2ðb
eÞ510ðbeÞ2ð16 sinðbeÞþsinð2beÞÞþ5ð32 sinðbeÞþ5 sinð2beÞÞ
640ðbeÞ9
þ 20ðbeÞ3ð2 cosðbeÞþ1Þ30beð8 cosðbeÞþcosð2beÞ2Þ
640ðbeÞ9 ;
Ik04 ðbeÞ ¼ b
eð3ðbeÞ420ðbeÞ2þ90Þþ15 sinð2beÞ
60ðbeÞ7
þ 60ððbeÞ24Þ sinðbeÞþ120be cosðbeÞ
60ðbeÞ7 ;
Ik02k00 ðbeÞ ¼ b
eððbeÞ23be sinðbeÞ6 cosðbeÞ9Þ3 sinðbeÞðcosðbeÞ6Þ
6ðbeÞ6 ;
Ik02 ðbeÞ ¼ ðb
eÞ36beþ6 sinðbeÞ
3ðbeÞ4 ;
Ik00 ðbeÞ ¼ b
esinðbeÞ
ðbeÞ3 ;
Id02 ðbeÞ ¼ ðb
eÞ312 sinðbeÞþ6beðcosðbeÞþ1Þ
24ðbeÞ5 ;
IzeðbeÞ ¼ 4ðb
eÞ312ðbeÞ2 sinðbeÞ48 sinðbeÞþ9 sinð2beÞ6beðcosð2beÞ6Þ
192ðbeÞ6 ;
Ick02 ðbeÞ ¼ 2ðb
eÞ2 sinðbeÞ8 sinðbeÞþsinð2beÞþbeð4 cosðbeÞþ2Þ
4ðbeÞ4 ;
Ick00 ðbeÞ ¼  2b
e4 sinðbeÞþsinð2beÞ
8ðbeÞ3 ;
IcðbeÞ ¼ 2 sinðb
eÞ
be ;
Iz0 ¼  b
eðcosðbeÞþ1Þ2 sinðbeÞ
2ðbeÞ3 :
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